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Abstract. Considering the unstable oscillation in the rolling process caused by the lubrication 
conditions change, a dynamic rolling process model considering the nonlinear friction is built 
using the Bland-Ford-Hill rolling force model. In addition, based on the structure model which 
can characterize the coupling vibration of rolling mill, and taking the dynamic variations of rolling 
force and rolling torque as the feedback excitation, the rolling mill vertical-torsional-horizontal 
coupled dynamic model under nonlinear friction is established. On this basis, the system Hopf 
bifurcation points at different rolling speeds are calculated by Hurwitz algebraic criterion. And 
the system stability domain is determined by analyzing the eigenvalue of the system. Finally, using 
the parameters of a 2030 cold rolling mill, the correctness of the bifurcation point calculation and 
the stability domain analysis are verified by numerical simulation. The results show that the 
system stability domain is enclosed by the instability critical lines of vertical vibration modal, 
torsional vibration modal and horizontal vibration modal. And under different conditions, the 
system Hopf bifurcation induced by the variation of the friction coefficient can cause system 
instability with different vibration modals. The study can help to optimize the rolling process, and 
achieve a reasonable dynamic modification strategy of the rolling mill structure as well. 
Keywords: rolling mill, vertical-torsional-horizontal coupling vibration, nonlinear friction, Hopf 
bifurcation, stability. 
1. Introduction 
The vibration commonly exists in the high-speed strip cold rolling mill, and it seriously affects 
the improvement of product quality and production efficiency, or even leads to production 
interruption and equipment failure.  
In recent years, scholars have done a lot of research on mill vibration, and also have gained 
abundant achievements. The existing research generally considered that the mill vibration is a kind 
of self excited vibration due to the coupling of mill structure and rolling process [1]. Therefore, 
reasonable simplification of the rolling process and reasonable modeling of the mill structure have 
become key issues to study mill vibration. Ehmann research group [2-5] carried out a series of 
study which was mainly focused on the below aspects, the modeling of the dynamic rolling  
process, the analysis of system stability, the continuous rolling and the regenerative chatter. In 
actual production, the vibration of the high-speed rolling mill always appears as the coupling of 
multiple modal vibrations. Paton [6] confirmed the coupling of vertical vibration and horizontal 
vibration by rolling mill vibration experiments. Yan et al. [7] studied the coupling characteristics 
of vertical vibration and torsional vibration using the finite element model. Swiatoniowski [8] 
investigated the characteristic of the vertical-torsional coupling vibration by taking the interaction 
between plastic deformation process and rolling mill vibration into consideration. In addition, 
rolling mill system is a typical nonlinear system. Nonlinear stiffness and nonlinear damping of 
mill structure and nonlinear friction of rolling interface are the most common nonlinear factors 
studied by scholars. Hou et al. [9] studied the influence of variable friction on vertical-horizontal 
coupling vibration characteristics of strip mills by means of multi-scale method. Liu et al. [10] 
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indicated that the nonlinear friction may induce the Hopf bifurcation of the rolling mill drive 
system, and cause the instability of the system. However, due to the friction coefficient in the 
dynamic rolling process model was usually taken as a constant, the study of the rolling mill 
coupling vibration with the consideration of the dynamic rolling process model and the nonlinear 
friction simultaneously is lacked and necessary. 
Reference [11], for one thing, has constructed a coupling vibration model of the mill structure, 
in which vertical vibration, torsional vibration, horizontal vibration and the chatter of the rolled 
pieces can be well indicated. For another, based on the Bland-Ford-Hill rolling force model, a 
dynamic rolling process model has also been formulated, in which the dynamic changes of the roll 
gap in the state of vibration were considered. In this study, on the basis of the models  
mentioned above, and taking the nonlinear friction coefficient into consideration, a  
vertical-torsional-horizontal coupling nonlinear dynamic model of the rolling mill is established. 
According to the dynamical bifurcation theory, the system stability and instability mechanism are 
analyzed. The results can provide a theoretical basis for restraining and controlling rolling mill 
vibration. 
2. Vertical-torsional-horizontal coupling vibration model of the rolling mill 
2.1. Dynamic model of rolling process under nonlinear friction 
The geometry of the roll bite is illustrated in Fig. 1, where തܱଵ  and തܱଶ  are the original 
geometrical centers of the top and bottom rolls (before vibrations begin). ଵܱ  and ܱଶ  are the 
ever-changing centers of the rolls. ݔ௖  is the displacement of the horizontal vibration. ݕ௖  is the 
displacement of the vertical vibration. ℎ଴ and ℎଵ are the thickness of the strip at entry and exit. ℎ௖ 
is the roll gap spacing measured along the centerline ଵܱܱଶ, ℎ௖ = ℎത௖ + 2ݕ௖. ݔ଴, ݔ௡ and ݔଵ are the 
entry position, neutral point position and exit position measured from the centerline തܱଵ തܱଶ. ݈ is the 
horizontal projection length of the contact arc, ݈ = ݔଵ − ݔ଴. R and ܴ′ are the radius of the original 
top work roll and the deformed top work roll. ߙ is the inlet angle, ߙ = arcsin((ݔ௖ − ݔ଴) ܴ′⁄ ). ߜ 
is the outlet angle, ߜ = arcsin((ݔ௖ − ݔଵ) ܴ′⁄ ). ߛ is the neutral angle. ߪ଴  and ߪଵ  are the tensile 
stress of the strip at entry and exit. ݒ଴ and ݒଵ are the velocity of the strip at entry and exit. ݒ௥ is 
the roll peripheral velocity. And it is assumed that the width of the strip at entry and exit are ܤ. In 
addition, the parameter with superscript like “݅” represents the value of the parameter “݅” under 
steady state. 
For cold rolling, Sims and Arthur [12] indicated that the friction coefficient along the contact 
arc can be approximately expressed as Eq. (1), when the rolling speed is greater than 0.25 m·s-1: 
ߤ = ܽexp(−ܾݒ + ܿ), (1)
where, ܽ , ܾ  and ܿ  are constants, which are related to lubricating oil viscosity, lubricating oil 
concentration and systems lubrication state. And ܽ, ܾ, ܿ > 0. ݒ  is the roll peripheral velocity 
during vibration, ݒ = ̅ݒ௥ + ߠሶெܴ′ + ݔሶ௖. ߠሶெ is the angular velocity of the torsional vibration. 
For convenience, the friction coefficient ߤ near the steady roll peripheral velocity ̅ݒ௥ has been 
deduced by Taylor series expansion: 
ߤ = ߤ଴ ൤1 − ܾ(ߠሶெܴ′ + ݔሶ௖) +
1
2 ܾ
ଶ(ߠሶெܴ′ + ݔሶ௖)ଶ൨. (2)
The Hill simplified formula of Bland-Ford rolling force model is as follows: 
ܲ = (ܭ − ߪ௠)ܤܳ௣݈, (3)
where, ߪ௠ is the mean tensile stress, usually taking ߪ௠ = 0.7ߪ଴ + 0.3ߪଵ. ܳ௣ is the stress state 
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factor, ܳ௣ = 1.08 + 1.79ߝߤඥܴ′ ℎ଴⁄ − 1.02ߝ. ߝ is the reduction ratio, ߝ = (ℎ଴ − ℎଵ) ℎ଴⁄ . ܭ is the 
mean deformation resistance, ܭ = ܣߝ∑೘௡ . ܣ and ݊ are the coefficients associated with the carbon 
content of the strip. ߝ∑೘ is the mean total deformation extent, ߝ∑೘ = ܾ଴ߝ଴ + ܾଵߝଵ. ߝ଴ is the total 
deformation extent at the entry of this mill stand, ߝ଴ = (ܪ − ℎ଴) ܪ⁄ . ߝଵ is the total deformation 
extent at the exit of this mill stand, ߝଵ = (ܪ − ℎଵ) ܪ⁄ . ܪ is the initial strip thickness entering the 
first mill stand in a tandem mill configuration. ܾ଴ and ܾଵ are coefficients, usually taking ܾ଴ = 0.4, 
ܾଵ = 0.6. 
The change of the roll gap will cause the fluctuation of the strip velocity, and then result in the 
fluctuation of the strip tensile stress. The tensile stress variations at entry and exit can be expressed 
as: 
ۖە
۔
ۖۓߪ଴୴ୟ୰ =
ܧଵ
ܮ଴ න (ݒ଴ − ̅ݒ଴)݀ݐ
௧
଴
= ܧଵܮ଴ න ݒ଴୴ୟ୰݀ݐ,
௧
଴
ߪଵ୴ୟ୰ = −
ܧଵ
ܮଵ න (ݒଵ − ̅ݒଵ)݀ݐ
௧
଴
= − ܧଵܮଵ න ݒଵ୴ୟ୰݀ݐ,
௧
଴
(4)
where, ܧଵ is the Young’s modulus of the strip. ܮ଴ and ܮଵ are the distances from this stand to the 
upstream stand and the downstream stand. The strip velocities at entry and exit, the strip entry 
position, exit position and neutral point position can be obtained based on the geometry of the roll 
bite, the metal flow equation and the equilibrium conditions of the force in the rolling deformation 
zone [11]: 
ە
ۖۖ
ۖۖ
۔
ۖۖ
ۖۖ
ۓݒ଴ =
1
ℎ଴ ቈ(ݒ௥ − ݔሶ௖) ቆℎ௖ +
(ݔ௡ − ݔ௖)ଶ
ܴᇱ ቇ + 2ݕሶ௖(ݔ௡ − ݔ଴) + ℎ଴ݔሶ௖቉ ,
ݒଵ =
1
ℎଵ ሾݒ଴ℎ଴ − 2ݕሶ௖(ݔଵ − ݔ଴) − ݔሶ௖(ℎ଴ − ℎଵ)ሿ,
ݔ଴ = ݔ௖ − ඥܴᇱ(ℎ଴ − ℎ௖),
ݔଵ = ݔ௖ −
ܴᇱℎ௖ݕሶ௖
ݒ଴ℎ଴ − 2ݕሶ௖(ݔ௖ − ݔ଴) − ݔሶ௖ℎ଴ ,
ݔ௡ = ݔ௖ −
ܴᇱ
2 (sinߙ + sinߜ) −
ܴᇱ
2ߤ (cosߙ − cosߜ) −
݈
4ߤܲ (ߪଵℎଵܤ − ߪ଴ℎ଴ܤ).
 (5)
 
 
Fig. 1. Roll bite geometry during vibration 
 
 
Fig. 2. Simplified vertical-torsional-horizontal 
coupling structure model 
According to the force relationship in the rolling deformation zone, the rolling torque and the 
force acting on the rolls in ݔ and ݕ directions are given by: 
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ۖە
۔
ۖۓܨ௫ = ܨത௫ + ܨ௫୴ୟ୰ =
ߪଵℎଵܤ − ߪ଴ℎ଴ܤ
2 ,
ܨ௬ = ܨത௬ + ܨ୷୴ୟ୰ = ܲ,
ܯ = ܯഥ + ܯ୴ୟ୰ = −
(ߙ + ߜ − 2ߛ)
ߙ − ߜ ߤܴܲ.
 (6)
By using Taylor series expansion, the variations of ܨ௫, ܨ௬, ܯ, ݒ଴ and ݒଵ are as follows: 
ە
ۖ
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۖ
ۓܨ௫୴ୟ୰ = ܽிೣ ,ఙబߪ଴୴ୟ୰ + ܽிೣ ,ఙభߪଵ୴ୟ୰ + ܽிೣ ,௛బℎ଴୴ୟ୰ + ܽிೣ ,௬೎ݕ௖,ܨ௬୴ୟ୰ = ܽி೤,ఙబߪ଴୴ୟ୰ + ܽி೤,ఙభߪଵ୴ୟ୰ + ܽி೤,௛బℎ଴୴ୟ୰ + ܽி೤,௬೎ݕ௖ + ܽி೤,௬ሶ೎ݕሶ௖ + ܽி೤,௫ሶ೎ݔሶ௖
       +ܽி೤,ఏሶ ಾߠሶெ + ܽி೤,௫ሶ೎మݔሶ௖ଶ + ܽி೤,ఏሶ ಾమ ߠሶெଶ + ܽி೤,ఏሶ ಾ௫ሶ೎ߠሶெݔሶ௖,
ܯ୴ୟ୰ = ܽெ,ఙబߪ଴୴ୟ୰ + ܽெ,ఙభߪଵ୴ୟ୰ + ܽெ,௛బℎ଴୴ୟ୰ + ܽெ,௬೎ݕ௖ + ܽெ,௬ሶ೎ݕሶ௖ + ܽெ,௫ሶ೎ݔሶ௖
       +ܽெ,ఏሶ ಾߠሶெ + ܽெ,௫ሶ೎మݔሶ௖ଶ + ܽெ,ఏሶ ಾమ ߠሶெଶ + ܽெ,ఏሶ ಾ௫ሶ೎ߠሶெݔሶ௖,
ݒ଴୴ୟ୰ = ܽ௩బ,ఙబߪ଴୴ୟ୰ + ܽ௩బ,ఙభߪଵ୴ୟ୰ + ܽ௩బ,௛బℎ଴୴ୟ୰ + ܽ௩బ,௬೎ݕ௖ + ܽ௩బ,௬ሶ೎ݕሶ௖ + ܽ௩బ,௫ሶ೎ݔሶ௖
       +ܽ௩బ,ఏሶ ಾߠሶெ + ܽ௩బ,௫ሶ೎మݔሶ௖ଶ + ܽ௩బ,ఏሶ ಾమ ߠሶெଶ + ܽ௩బ,ఏሶ ಾ௫ሶ೎ߠሶெݔሶ௖,
ݒଵ୴ୟ୰ = ܽ௩భ,ఙబߪ଴୴ୟ୰ + ܽ௩భ,ఙభߪଵ୴ୟ୰ + ܽ௩భ,௛బℎ଴୴ୟ୰ + ܽ௩భ,௬೎ݕ௖ + ܽ௩భ,௬ሶ೎ݕሶ௖ + ܽ௩భ,௫ሶ೎ݔሶ௖
      +ܽ௩భ,ఏሶ ಾߠሶெ + ܽ௩భ,௫ሶ೎మݔሶ௖ଶ + ܽ௩భ,ఏሶ ಾమ ߠሶெଶ + ܽ௩భ,ఏሶ ಾ௫ሶ೎ߠሶெݔሶ௖.
 (7)
All the coefficients in Eq. (7) are given in Appendix A. 
2.2. Structure model of vertical-torsional-horizontal coupling vibration 
The vertical-torsional-horizontal coupling dynamic model of mill structure is schematically 
presented in Fig. 2. ݉ଵ is the equivalent mass of the top work roll. ݉ଶ is the lumped equivalent 
mass of the top work roll, top backup roll and upper mill housing, which is simplified to the center 
of the top work roll. ܬெ is the equivalent rotational inertia of the upper rolls, including the top 
work roll and the top backup roll. ݇ଵ, ܿଵ are the horizontal equivalent stiffness and horizontal 
equivalent damping of the unilateral frame of the mill housing and the support from the top backup 
roll to the top work roll due to the offset between them. ݇ଶ, ܿଶ are the vertical equivalent stiffness 
and vertical equivalent damping of the frame and the upper beam of the mill housing. ݇௧, ܿ௧ are 
the torsional equivalent stiffness and torsional equivalent damping of the top main drive system. 
As Eq. (4) has the integral terms of time, taking Eq. (4) a derivative with respect to time. Thus 
the differential equations can be written as: 
ە
ۖۖ
۔
ۖۖ
ۓ݉ଵݔሷ௖ + ܿଵݔሶ௖ + ݇ଵݔ௖ = ܨ௫୴ୟ୰,݉ଶݕሷ௖ + ܿଶݕሶ௖ + ݇ଶݕ௖ = ܨ௬୴ୟ୰,
ܬெߠሷெ + ܿ௧ߠሶெ + ݇௧ߠெ = ܯ୴ୟ୰,
ߪሶ଴୴ୟ୰ =
ܧଵݒ଴୴ୟ୰
ܮ଴ ,
ߪሶଵ୴ୟ୰ = −
ܧଵݒଵ୴ୟ୰
ܮଵ .
 (8)
3. Hopf bifurcation condition and algebraic criterion 
When lubrication conditions between roller and strip changed, vibration of rolling mill system 
can lose stability by some bifurcation ways. Hopf bifurcation is an important bifurcation 
phenomenon [13, 14]. And it is closely linked with vibration in engineering projects. Early studies 
have shown that the instability of rolling process is mainly caused by Hopf bifurcation of the 
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system. Therefore, it is of great engineering significance to analyze the Hopf bifurcation 
characteristic of the mill vertical-torsional-horizontal coupling vibration system. 
In order to determine system stability through Hopf bifurcation analysis, it is necessary to 
clarify the Hopf bifurcation condition and its algebraic criterion. Using 
(ݔଵ, ݔଶ, ݔଷ, ݔସ, ݔହ, ݔ଺, ݔ଻, ݔ଼)் to substitute ൫ݔ௖, ݔሶ௖, ݕ௖, ݕሶ௖, ߠெ, ߠሶெ, ߪ଴୴ୟ୰, ߪଵ୴ୟ୰൯், and rewritten the 
form of Eq. (8) like ሶܺ = ݂(ܺ, ܾ), as shown in Eq. (9), where ܾ  is the bifurcation parameter,  
ܺ = (ݔଵ, ݔଶ, ݔଷ, ݔସ, ݔହ, ݔ଺, ݔ଻, ݔ଼)்: 
ە
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۓݔሶଵ = ݔଶ,
ݔሶଶ =
1
݉ଵ ൣ−݇ଵݔଵ − ܿଵݔଶ + ܽிೣ ,௬೎ݔଷ + ܽிೣ ,ఙబݔ଻ + ܽிೣ ,ఙభݔ଼ + ܽிೣ ,௛బℎ଴୴ୟ୰൧,
ݔሶଷ = ݔସ
ݔሶସ =
1
݉ଶ ൥
ܽி೤,௫ሶ೎ݔଶ + ቀܽி೤,௬೎ − ݇ଶቁ ݔଷ + ቀܽி೤,௬ሶ೎ − ܿଶቁ ݔସ + ܽி೤,ఏሶ ಾݔ଺ + ܽி೤,ఙబݔ଻
+ܽி೤,ఙభݔ଼ + ܽி೤,௫ሶ೎మݔଶଶ + ܽி೤,ఏሶ ಾమ ݔ଺ଶ + ܽி೤,ఏሶ ಾ௫ሶ೎ݔଶݔ଺ + ܽி೤,௛బℎ଴୴ୟ୰
൩ ,
ݔሶହ = ݔ଺,
ݔሶ଺ =
1
ܬெ ቈ
ܽெ,௫ሶ೎ݔଶ + ܽெ,௬೎ݔଷ + ܽெ,௬ሶ೎ݔସ − ݇௧ݔହ + ൫ܽெ,ఏሶ ಾ − ܿ௧൯ݔ଺ + ܽெ,ఙబݔ଻
+ܽெ,ఙభݔ଼ + ܽெ,௫ሶ೎మݔଶଶ + ܽெ,ఏሶ ಾమ ݔ଺ଶ + ܽெ,ఏሶ ಾ௫ሶ೎ݔଶݔ଺ + ܽெ,௛బℎ଴୴ୟ୰
቉ ,
ݔሶ଻ =
ܧଵ
ܮ଴ ቈ
ܽ௩బ,௫ሶ೎ݔଶ + ܽ௩బ,௬೎ݔଷ + ܽ௩బ,௬ሶ೎ݔସ + ܽ௩బ,ఏሶ ಾݔ଺ + ܽ௩బ,ఙబݔ଻ + ܽ௩బ,ఙభݔ଼
+ܽ௩బ,௫ሶ೎మݔଶଶ + ܽ௩బ,ఏሶ ಾమ ݔ଺ଶ + ܽ௩బ,ఏሶ ಾ௫ሶ೎ݔଶݔ଺ + ܽ௩బ,௛బℎ଴୴ୟ୰
቉ ,
ݔሶ଼ = −
ܧଵ
ܮଵ ቈ
ܽ௩భ,௫ሶ೎ݔଶ + ܽ௩భ,௬೎ݔଷ + ܽ௩భ,௬ሶ೎ݔସ + ܽ௩భ,ఏሶ ಾݔ଺ + ܽ௩భ,ఙబݔ଻ + ܽ௩భ,ఙభݔ଼
+ܽ௩భ,௫ሶ೎మݔଶଶ + ܽ௩భ,ఏሶ ಾమ ݔ଺ଶ + ܽ௩భ,ఏሶ ಾ௫ሶ೎ݔଶݔ଺ + ܽ௩భ,௛బℎ଴୴ୟ୰
቉ .
 (9)
Through the analysis, the equilibrium point of this system is the coordinate origin, and the 
Jacobian matrix at this point is as follows: 
ܣ(0, ܾ) = ∂݂(ܺ, ܾ) ∂ܺ ቤ௑బୀ଴
     =
ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ 0 1 0 0 0 0 0 0−݇ଵ
݉ଵ
−ܿଵ
݉ଵ
ܽிೣ ,௬೎
݉ଵ 0 0 0
ܽிೣ ,ఙబ
݉ଵ
ܽிೣ ,ఙభ
݉ଵ
0 0 0 1 0 0 0 0
0 ܽி೤,௫ሶ೎݉ଶ
ܽி೤,௬೎ − ݇ଶ
݉ଶ
ܽி೤,௬ሶ೎ − ܿଶ
݉ଶ 0
ܽி೤,ఏሶ ಾ
݉ଶ
ܽி೤,ఙబ
݉ଶ
ܽி೤,ఙభ
݉ଶ
0 0 0 0 0 1 0 0
0 ܽெ,௫ሶ೎ܬெ
ܽெ,௬೎
ܬெ
ܽெ,௬ሶ೎
ܬெ
−݇௧
ܬெ
ܽெ,ఏሶ ಾ − ܿ௧
ܬெ
ܽெ,ఙబ
ܬெ
ܽெ,ఙభ
ܬெ
0 ܧଵܽ௩బ,௫ሶ೎ܮ଴
ܧଵܽ௩బ,௬೎
ܮ଴
ܧଵܽ௩బ,௬ሶ೎
ܮ଴ 0
ܧଵܽ௩బ,ఏሶ ಾ
ܮ଴
ܧଵܽ௩బ,ఙబ
ܮ଴
ܧଵܽ௩బ,ఙభ
ܮ଴
0 −ܧଵܽ௩భ,௫ሶ೎ܮଵ
−ܧଵܽ௩భ,௬೎
ܮଵ
−ܧଵܽ௩భ,௬ሶ೎
ܮଵ 0
−ܧଵܽ௩భ,ఏሶ ಾ
ܮଵ
−ܧଵܽ௩భ,ఙబ
ܮଵ
−ܧଵܽ௩భ,ఙభ
ܮଵ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې
. 
(10)
For a pair of conjugate complex eigenvalue of the Jacobian matrix, ߣଵ,ଶ = ߙ(ܾ) ± ߱(ܾ), if the 
conditions ߙ(ܾ∗) = 0, ߱(ܾ∗) > 0 and ߙ′(ܾ∗) ≠ 0 are satisfied when ܾ = ܾ∗, and simultaneously 
real parts of other eigenvalue are all negative, Hopf bifurcation phenomenon can occur and ܾ∗ is 
the bifurcation point. 
The characteristic equation of Jacobian matrix |ۯ(0, ܾ) − ߣ۷| = 0  can be expanded as an 
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algebraic polynomial equation: 
ߣ଼ + ݌ଵߣ଻ + ݌ଶߣ଺ + ݌ଷߣହ + ݌ସߣସ + ݌ହߣଷ + ݌଺ߣଶ + ݌଻ߣ + ݌଼ = 0. (11)
A series of Hurwitz determinants Δ௜ can be constructed by the coefficients ݌௜ as follows: 
Δ௜ = ተተ
݌ଵ 1 0 0 ⋯ 0
݌ଷ ݌ଶ ݌ଵ 1 ⋯ 0
݌ହ ݌ସ ݌ଷ ݌ଶ ⋯ 0
⋮ ⋮ ⋮ ⋮ ⋯ ⋮
݌ଶ௜ିଵ ݌ଶ௜ିଶ ݌ଶ௜ିଷ ݌ଶ௜ିସ ݌௜
ተተ, (12)
here, ݌௜ = 0 when ݅ > 8. 
The necessary and sufficient conditions for the Hopf bifurcation phenomenon to occur at point 
ܾ∗ judging by Hurwitz determinants are expressed as: 
ە
ۖ
۔
ۖ
ۓ݌௜(ܾ
∗) > 0,    (݅ = 1, 2, … ,8),
Δ଻(ܾ∗) = 0,
Δ௜(ܾ∗) > 0,    (݅ = 5, 3, 1),
݀൫Δ଻(ܾ)൯
ܾ݀ ቤ௕ୀ௕∗
≠ 0.
 (13)
4. System stability domain 
4.1. Calculation of bifurcation parameters and analysis of system stability 
Taking the 4th stand of a 2030 five-stand tandem cold mill as an example [15], the parameters 
of this mill are: ℎത଴ = 0.789 mm, ℎത௖ = 0.577 mm, ܤ = 1.206 m, ߪത଴ = 180 MPa, ߪതଵ = 189 MPa, 
ܣ = 810 MPa, ݊ = 0.29, ܪ = 2 mm, ܮ଴ = 4.75 m, ܮଵ = 4.75 m, ܴ = 0.3 m, ܴ′ = 0.5335 m,  
ܧଵ = 210 GPa, ߤ଴ = 0.04, ݉ଵ = 9200 kg, ݉ଶ = 203200 kg, ܬெ = 1381 kg·m2, ݇ଵ = 1×109 N·m-1, 
݇ଶ = 6.9×1010 N·m-1, ݇௧ = 7.9×106 N·m/rad, ܿଵ = 5×104 N·s·m-1, ܿଶ = 1.64×107 N·s·m-1,  
ܿ௧ = 4178 N·m·s·rad-1. For this mill, the frequencies of vertical vibration modal, torsional 
vibration modal and horizontal vibration modal are about 133 Hz, 12.5 Hz and 52 Hz, respectively. 
 
Fig. 3. The trend of bifurcation parameter ܾ∗ with steady rolling speed ̅ݒ௥ 
Fig. 3 shows the distribution of Hopf bifurcation parameter ܾ∗ under different steady rolling 
speed ̅ݒ௥. It is observed that the system Hopf bifurcation line is spliced by Line 1, Line 2 and 
Line 3. And these three lines represent the instability critical value of horizontal vibration modal, 
torsional vibration modal and vertical vibration modal, respectively. Taking three points on these 
three lines randomly (point ܣ, point ܤ and point ܥ in Fig. 3), and their eigenvalue are listed in 
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Table 1. As shown in Table 1, for ݒ௥ = 18 m·s-1, all the eigenvalue of the system have the negative 
real parts when ܾ < 0.7982, which means the system is stable at the moment. When ܾ = 0.7982, 
a pair of pure imaginary eigenvalue appeared in the system, ߣଷ,ସ = (–0.0000±3.2682i)×102, and 
this pair of conjugate eigenvalue represent the characteristic of horizontal vibration modal, which 
means that the horizontal vibration mode is in the critical state at this time. However, when  
ܾ > 0.7982, the real parts of eigenvalue ߣଷ,ସ  become positive, in other words, the horizontal 
vibration modal loses its stability. Therefore, Line 1 is the critical boundary of horizontal vibration 
modal. Similarly, Line 2 is the critical boundary of torsional vibration modal. Line 3 is the critical 
boundary of vertical vibration modal. And the system stability domain is enclosed by the 
coordinate axes and the system Hopf bifurcation line. 
Table 1. Eigenvalue about the critical parameters 
ݒ௥ (m·s-1) ܾ ߣଵ,ଶ (×102) ߣଷ,ସ (×102) ߣହ,଺ (×102) ߣ଻ (×102) ߣ଼ (×102) 
18.00 
A+ 0.8200 –0.1815±8.3787i 0.0008±3.2674i –0.0339±0.7868i –2.6399 –0.9583 
A 0.7982 –0.1816±8.3783i –0.0000±3.2682i –0.0355±0.7870i –2.6347 –0.9593 
A- 0.7800 –0.1816±8.3779i –0.0007±3.2689i –0.0369±0.7871i –2.6303 –0.9601 
6.00 
B+ 2.2700 –1.8620±8.0343i –0.0146±3.2511i 0.0008±0.8035i –0.9738 –0.2893 
B 2.2541 –1.8622±8.0342i –0.0147±3.2515i –0.0000±0.8040i –0.9719 –0.2894 
B- 2.2400 –1.8624±8.0341i –0.0148±3.2518i –0.0007±0.8046i –0.9703 –0.2895 
20.68 
C+ 0.3500 –0.0001±8.4156i –0.0153±3.2852i –0.0629±0.7824i –2.8909 –1.1405 
C 0.2885 –0.0000±8.4143i –0.0182±3.2876i –0.0676±0.7824i –2.8742 –1.1447 
C- 0.2200 0.0001±8.4128i –0.0214±3.2901i –0.0729±0.7824i –2.8555 –1.1494 
In Fig. 3, with the increase of rolling speed, Line 1 decreases gradually. Because under the 
same variations of the roll gap, the larger the rolling speed is, the bigger the tensile stress  
fluctuates. And the variation of force acting on the rolls in ݔ direction is also greater. Thus, the 
stability of horizontal vibration modal reduces accordingly. For torsional vibration modal,  
according to Eq. (3) and Eq. (6), the expression of rolling torque can be rewritten as:  
ܯ = −(ߙ + ߜ − 2ߛ)ߤ(ܭ − ߪ௠)ܤܳ௣ܴᇱܴ.  Under the same variations of the roll gap, the 
fluctuations of parameters ߙ, ߜ, ߤ, ܭ, ܤ, ܳ௣, ܴ′ and ܴ have no relationship with rolling speed. But 
the fluctuation of the mean tensile stress ߪ௠ increases with the increase of rolling speed. On the 
contrary, the fluctuation of the neutral angle ߛ decreases with the increase of rolling speed. This 
may make the variation of rolling torque ܯ௩௔௥ have a minimum value at a certain rolling speed. 
Hence, the stability of torsional vibration modal increases first and then reduces as the rolling 
speed increases. For vertical vibration modal, the effect of the friction coefficient variation on the 
rolling force fluctuates is small, so only when the vertical vibration modal is close to the critical 
state, the effect of the friction coefficient variation on the stability of vertical vibration modal can 
be reflected explicitly. And the bifurcation parameter ܾ would change sharply with the change of 
rolling speed. In addition, rewritten the force acting on the rolls in ݕ  direction (Eq. (6)) as:  
ܨ௬ = (ܭ − ߪ௠)ܤܳ௣(ݔଵ − ݔ଴). Under the same variations of the roll gap and the same rolling 
speed, the fluctuations of the mean tensile stress ߪ௠ and the stress state factor ܳ௣ increase with 
the increase of parameter ܾ, but the fluctuation of exit position ݔଵ decreases at the same time. 
Similarly, with the change of parameter ܾ, the variation of force acting on the rolls in ݕ direction 
may have a minimum. Therefore, the stability of vertical vibration modal increases first and then 
reduces as the parameter ܾ increases, but this effect is small. 
Through further analyze the Fig. 3, it can be seen that there are three cross points on the curves 
in the figure, their abscissa is 10.9 m·s-1, 20.684 m·s-1 and 20.675 m·s-1, respectively. When  
ݒ௥ < 10.9 m·s-1, the system Hopf bifurcation induced by the variation of friction coefficient may 
first result in torsional vibration modal instability. And torsional vibration modal will extend 
rapidly in the mill system. Finally, the whole mill system will lose its stability. When  
10.9 m·s-1 < ݒ௥ < 20.675 m·s-1, the system Hopf bifurcation induced by the variation of friction 
1718. STABILITY ANALYSIS OF THE ROLLING MILL MULTIPLE-MODAL-COUPLING VIBRATION UNDER NONLINEAR FRICTION.  
LINGQIANG ZENG, YONG ZANG, ZHIYING GAO, KAI LIU, XIAOCHAN LIU 
 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2015, VOLUME 17, ISSUE 6. ISSN 1392-8716 2831 
coefficient could first cause horizontal vibration modal instability. Similarly, horizontal vibration 
modal will spread rapidly in the mill system, and eventually lead to the instability of the entire 
mill system. For 20.675 m·s-1 < ݒ௥ < 20.684 m·s-1, a narrow area is enclosed by Line 1 and Line 3, 
and only when the value of parameter b is in this narrow area, the system is stable. If the value of 
parameter ܾ moves toward the outside of this area and crosses Line 3, the system Hopf bifurcation 
would give rise to the vertical vibration modal instability. And then the instability of the whole 
mill system would occur, which was induced by the vertical vibration modal. Another hypothesis, 
if the value of parameter ܾ moves toward the outside of this area and crosses Line 1, the system 
Hopf bifurcation would cause the horizontal vibration modal instability. And the mill system 
would become overall instability because of the horizontal vibration modal. Finally, when  
ݒ௥ > 20.684 m·s-1, the vertical vibration modal will always be in the unstable state, the system 
Hopf bifurcation will not occur again. And this critical speed has also been confirmed by field test. 
4.2. Dynamic response of the system at the bifurcation point 
Moreover, in order to verify the accuracy of the Hopf bifurcation point calculation and the 
correctness of the system stability domain analysis, the system motions corresponding to the 
bifurcation point ܣ and its neighborhood are numerically simulated. For an initial disturbance 
ݕ௖଴ = 10-7 m, the simulation results are shown in Figs. 4-6. 
 
Fig. 4. Dynamic response of the system for ݒ௥ = 18 m·s-1 and ܾ = 0.7 
 
Fig. 5. Dynamic response of the system for ݒ௥ = 18 m·s-1 and ܾ = 0.7982 
As shown in Fig. 4, when ܾ = 0.7, which is less than the instability critical value ܾ∗ = 0.7982, 
the system was stable. At the moment, each subsystem was in the state of free vibration, mainly 
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with their own modal frequency. As the system vibration was caused by the initial disturbance of 
the vertical subsystem, hence, the vibration of torsional subsystem and horizontal subsystem 
contained the frequency component of vertical vibration modal (133 Hz). In addition, the 
parameter ܾ has been very close to the Hopf bifurcation point which can lead to the instability of 
horizontal vibration modal, so the frequency component of horizontal vibration modal (52 Hz) 
can be found in vertical subsystem and torsional subsystem. In Fig. 5, parameter ܾ was equal to 
the instability critical value ܾ∗ = 0.7982, the horizontal subsystem was in the critical stable state. 
And the energy of horizontal vibration modal frequency component increased significantly in each 
subsystem. With the continued increase of parameter ܾ (Fig. 6), these three subsystems all lost 
their stability. At the moment, the main vibration form of each subsystem was horizontal vibration 
modal. And the energy of this vibration modal increased sharply. In other words, the instability of 
the whole mill system occurred by the way of horizontal vibration modal. Therefore, the 
calculation results and the analysis conclusions in Section 4.1 were proved to be correct. 
 
Fig. 6. Dynamic response of the system for ݒ௥ = 18 m·s-1 and ܾ = 0.9 
Further studies indicate that the system stability domain mentioned above changes with the 
change of rolling process parameters and mill structure parameters. Therefore, it is meaningful to 
carry out a systematic study on the movement laws of these three critical lines due to the change 
of rolling process parameters and mill structure parameters. And these laws can provide the 
technique support for dynamic modification (designing) of mill structure and the orientation 
(method) of rolling process parameters formulating. 
5. Conclusions 
This paper has constructed a rolling mill vertical-torsional-horizontal coupled dynamic model 
with the consideration of nonlinear friction. And the system Hopf bifurcation points at different 
rolling speed have been calculated by using Hurwitz algebraic criterion. The following 
conclusions are drawn: 
1) The stability domain of the rolling mill system is enclosed by the instability critical line of 
vertical vibration modal, torsional vibration modal and horizontal vibration modal. 
2) Under different conditions, the system Hopf bifurcation induced by lubrication conditions 
change between roller and the rolled pieces can cause system instability with different vibration 
modals. When the rolling speed is low, the instability of the mill system is mainly caused by 
torsional vibration modal. When the rolling speed is high, the instability of the mill system is 
mainly caused by vertical vibration modal. When the rolling speed is in the middle speed segment, 
the instability of the mill system is mainly caused by horizontal vibration modal. 
3) With the change of rolling process parameters and mill structure parameters, the system 
stability domain changes as well. Studying the effect of various parameters on the stability domain 
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boundaries can provide a theoretical basis and reference for formulating rolling process 
parameters and achieving structural dynamic modification strategies. 
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Appendix 
A1. Coefficients of Eq. (7) 
ܽிೣ ,ఙబ = −0.5ℎത଴ܤ,   ܽிೣ ,ఙభ = 0.5ℎത௖ܤ, ܽிೣ ,௛బ = −0.5ߪത଴ܤ,
ܽிೣ ,௬೎ = ߪതଵܤ,   ܽி೤,ఙబ = −0.7ܤ തܳ௣݈,̅ ܽி೤,ఙభ = −0.3ܤ തܳ௣݈,̅
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ܽி೤,௛బ = ܤ തܳ௣݈ ̅ ൬
∂ܭ
∂ℎ଴൰௦
+ (ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ℎ଴ ቇ௦
+ (ܭഥ − ߪത௠)ܤ തܳ௣ඨ
ܴ′
4൫ℎത଴ − ℎത௖൯
,
ܽி೤,௬೎ = 2ܤ തܳ௣݈ ̅ ൬
∂ܭ
∂ℎଵ൰௦
+ 2(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ℎଵ ቇ௦
− (ܭഥ − ߪത௠)ܤ തܳ௣ඨ
ܴ′
ℎത଴ − ℎത௖,
ܽி೤,௬ሶ೎ = −
ܴᇱℎത௖
̅ݒ௥ℎത௡
(ܭഥ − ߪത௠)ܤ തܳ௣, ܽி೤,௫ሶ೎ = −ܾߤ଴(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
,
ܽி೤,ఏሶ ಾ = −ܾߤ଴ܴᇱ(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
, ܽி೤,௫ሶ೎మ =
1
2 ߤ଴ܾ
ଶ(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
,
ܽி೤,ఏሶ ಾమ =
1
2 ߤ଴ܾ
ଶܴ′ଶ(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
, ܽி೤,ఏሶ ಾ௫ሶ೎ = ߤ଴ܾଶܴᇱ(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
,
ܽெ,ఙబ = 0.7
ߙത − 2̅ߛ
ߙത ߤ଴ܤ തܳ௣݈ ܴ̅ −
ܤ݈ ܴ̅
ߙതܴ′ ቆ
ℎത଴
2 − 0.7
ߪതଵℎതଵ − ߪത଴ℎത଴
2(ܭഥ − ߪത௠) ቇ,
ܽெ,ఙభ =
ܤ݈ ܴ̅
ߙതܴ′ ቆ
ℎതଵ
2 + 0.3
ߪതଵℎതଵ − ߪത଴ℎത଴
2(ܭഥ − ߪത௠) ቇ + 0.3
ߙത − 2̅ߛ
ߙത ߤ଴ܤ തܳ௣݈ ܴ̅ , 
ܽெ,௛బ = ൬
∂ܯ
∂ߙ ൰௦
1
2ටܴ′൫ℎത଴ − ℎത௖൯
− ܽ௫೙,௛బܴ′ ൬
∂ܯ
∂ߛ ൰௦
+ ൬∂ܯ∂ܭ൰௦ ൬
∂ܭ
∂ℎ଴൰௦
 
      + ቆ ∂ܯ∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ℎ଴ ቇ௦
+ ൬∂ܯ∂݈ ൰௦ ඨ
ܴ′
4൫ℎത଴ − ℎത௖൯
, 
ܽெ,௬೎ = 2 ൬
∂ܯ
∂ܭ൰௦ ൬
∂ܭ
∂ℎଵ൰௦
− ൬∂ܯ∂ߙ ൰௦
1
ටܴ′൫ℎത଴ − ℎത௖൯
− ܽ௫೙,௬೎ܴ′ ൬
∂ܯ
∂ߛ ൰௦
 
      +2 ቆ ∂ܯ∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ℎଵ ቇ௦
− ൬∂ܯ∂݈ ൰௦ ඨ
ܴ′
ℎത଴ − ℎത௖, 
ܽெ,௬ሶ೎ =
ℎത௖
̅ݒ௥ℎത௡ ൬
∂ܯ
∂ߜ ൰௦ −
ܽ௫೙,௬ሶ೎
ܴᇱ ൬
∂ܯ
∂ߛ ൰௦
− ܴ
ᇱℎത௖
̅ݒ௥ℎത௡ ൬
∂ܯ
∂݈ ൰௦, 
ܽெ,௫ሶ೎ = −ܾߤ଴ ൬
∂ܯ
∂ߤ ൰௦
− ܾߤ଴ ቆ
∂ܯ
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,௫ሶ೎ܴ′ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽெ,ఏሶ ಾ = −ܾߤ଴ܴᇱ ൬
∂ܯ
∂ߤ ൰௦
− ܾߤ଴ܴᇱ ቆ
∂ܯ
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,ఏሶ ಾܴᇱ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽெ,௫ሶ೎మ =
1
2 ߤ଴ܾ
ଶ ൬∂ܯ∂ߤ ൰௦
+ 12 ߤ଴ܾ
ଶ ቆ ∂ܯ∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,௫ሶ೎మܴ′ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽெ,ఏሶ ಾమ =
1
2 ߤ଴ܾ
ଶܴ′ଶ ൬∂ܯ∂ߤ ൰௦
+ 12 ߤ଴ܾ
ଶܴ′ଶ ቆ ∂ܯ∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,ఏሶ ಾమܴ′ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽெ,ఏሶ ಾ௫ሶ೎ = ߤ଴ܾଶܴᇱ ൬
∂ܯ
∂ߤ ൰௦
+ ߤ଴ܾଶܴᇱ ቆ
∂ܯ
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,ఏሶ ಾ௫ሶ೎ܴᇱ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽ௩బ,ఙబ =
̅ݒ௥̅ݔ௡
2ߤ଴ܴ′ℎത଴(ܭഥ − ߪത௠) തܳ௣ ቆℎ
ത଴ − 0.7
ߪതଵℎതଵ − ߪത଴ℎത଴
ܭഥ − ߪത௠ ቇ, 
ܽ௩బ,ఙభ = −
̅ݒ௥̅ݔ௡
4ߤ଴ܴᇱℎത଴(ܭഥ − ߪത௠) തܳ௣ ቆℎ
തଵ + 0.3
ߪതଵℎതଵ − ߪത଴ℎത଴
ܭഥ − ߪത௠ ቇ, 
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ܽ௩బ,௛బ = −
̅ݒ௥ℎത௡
ℎത଴ଶ
+ ܽ௫೙,௛బ
2̅ݒ௥̅ݔ௡
ܴᇱℎത଴ , ܽ௩బ,௬೎ = 2
̅ݒ௥
ℎത଴ + ܽ௫೙,௬೎
2̅ݒ௥̅ݔ௡
ܴᇱℎത଴ , 
ܽ௩బ,௬ሶ೎ =
2(̅ݔ௡ − ̅ݔ଴)
ℎത଴ −
ℎത௖̅ݔ௡
ℎത௡ℎത଴ , ܽ௩బ,௫ሶ೎ =
ℎത଴ − ℎത௡
ℎത଴ + ܽ௫೙,௫ሶ೎
2̅ݒ௥̅ݔ௡
ܴᇱℎത଴ , 
ܽ௩బ,ఏሶ ಾ =
ℎത௡
ℎത଴ ܴ
ᇱ + ܽ௫೙,ఏሶ ಾ
2̅ݒ௥̅ݔ௡
ܴᇱℎത଴ ݉, ܽ௩బ,௫ሶ೎మ = ܽ௫೙,௫ሶ೎మ
2̅ݒ௥̅ݔ௡
ܴ′ℎത଴ , 
ܽ௩బ,ఏሶ ಾమ = ܽ௫೙,ఏሶ ಾమ
2̅ݒ௥̅ݔ௡
ܴ′ℎത଴ , ܽ௩బ,ఏሶ ಾ௫ሶ೎ = ܽ௫೙,ఏሶ ಾ௫ሶ೎
2̅ݒ௥̅ݔ௡
ܴ′ℎത଴ , ܽ௩భ,ఙబ = ܽ௩బ,ఙబ
ℎത଴
ℎത௖, 
ܽ௩భ,ఙభ = ܽ௩బ,ఙభ
ℎത଴
ℎത௖ ,   ܽ௩భ,௛బ =
̅ݒ଴
ℎത௖ + ܽ௩బ,௛బ
ℎത଴
ℎത௖ , ܽ௩భ,௬೎ = −
2̅ݒ଴ℎത଴
ℎത௖ଶ + ܽ௩బ,௬೎
ℎത଴
ℎത௖, 
ܽ௩భ,௬ሶ೎ =
2̅ݔ଴
ℎത௖ + ܽ௩బ,௬ሶ೎
ℎത଴
ℎത௖ , ܽ௩భ,௫ሶ೎ = −
ℎത଴ − ℎത௖
ℎത௖ + ܽ௩బ,௫ሶ೎
ℎത଴
ℎത௖ , ܽ௩భ,ఏሶ ಾ = ܽ௩బ,ఏሶ ಾ
ℎത଴
ℎത௖, 
ܽ௩భ,௫ሶ೎మ = ܽ௩బ,௫ሶ೎మ
ℎത଴
ℎത௖ ,   ܽ௩భ,ఏሶ ಾమ = ܽ௩బ,ఏሶ ಾమ
ℎത଴
ℎത௖ , ܽ௩భ,ఏሶ ಾ௫ሶ೎ = ܽ௩బ,ఏሶ ಾ௫ሶ೎
ℎത଴
ℎത௖. 
The intermediate variables are given as follows: 
൬ ∂ܭ∂ℎ଴൰௦
= − ܾ଴ܣ݊ܪ ቈ
ܾ଴൫ܪ − ℎത଴൯
ܪ +
ܾଵ൫ܪ − ℎതଵ൯
ܪ ቉
௡ିଵ
,
൬ ∂ܭ∂ℎଵ൰௦
= − ܾଵܣ݊ܪ ቈ
ܾ଴൫ܪ − ℎത଴൯
ܪ +
ܾଵ൫ܪ − ℎതଵ൯
ܪ ቉
௡ିଵ
,
ቆ∂ܳ௣∂ℎଵ ቇ௦
= −1.79ߤ୫√ܴ′ℎത଴ଵ.ହ
+ 1.02ℎത଴ , ቆ
∂ܳ௣
∂ℎ଴ ቇ௦
= 1.79ߤ୫√ܴ′൫−0.5ℎ
ത଴ + 1.5ℎതଵ൯
ℎത଴ଶ.ହ
− 1.02ℎ
തଵ
ℎത଴ଶ
, 
ቆ∂ܳ௣∂ߤ ቇ௦
= 1.79√ܴ′൫ℎ
ത଴ − ℎതଵ൯
ℎത଴ଵ.ହ
, ൬∂ܯ∂ߙ ൰௦ = −
2̅ߛ
ߙതଶ ߤ଴(ܭഥ − ߪത௠)ܤ തܳ௣݈ ܴ̅ ,
൬∂ܯ∂ߛ ൰௦
= 2ߙത ߤ଴(ܭഥ − ߪത௠)ܤ തܳ௣݈ ܴ̅ , ൬
∂ܯ
∂ܭ൰௦ = −
ߙത − 2̅ߛ
ߙത ߤ଴ܤ തܳ௣݈ ܴ̅ , 
ቆ ∂ܯ∂ܳ௣ቇ௦
= − ߙത − 2̅ߛߙത ߤ଴(ܭഥ − ߪത௠)ܤ݈ ܴ̅ , ൬
∂ܯ
∂݈ ൰௦ = −
ߙത − 2̅ߛ
ߙത ߤ଴(ܭഥ − ߪത௠)ܤ തܳ௣ܴ, 
൬∂ܯ∂ߤ ൰௦
= − ߙത − 2̅ߛߙത (ܭഥ − ߪത௠)ܤ തܳ௣݈ ܴ̅ , ൬
∂ܯ
∂ߜ ൰௦ = −
2ߙത − 2̅ߛ
ߙതଶ ߤ଴(ܭഥ − ߪത௠)ܤ തܳ௣݈ ܴ̅ , 
൬∂ݔ௡∂ߤ ൰௦
= ܴ′2ߤ଴ଶ
(cosߙത − 1) + ߪതଵℎ
തଵ − ߪത଴ℎത଴
4ߤ଴ଶ(ܭഥ − ߪത௠) തܳ௣
, ቆ∂ݔ௡∂ܳ௣ቇ௦
= ߪതଵℎ
തଵ − ߪത଴ℎത଴
4ߤ଴(ܭഥ − ߪത௠) തܳ௣ଶ, 
൬∂ݔ௡∂ߙ ൰௦ = −
ܴᇱ
2 cosߙത +
ܴᇱ
2ߤ୫ sinߙത , ൬
∂ݔ௡
∂ℎ଴൰௦
= ߪത଴4ߤ଴(ܭഥ − ߪത௠) തܳ௣, 
൬∂ݔ௡∂ߪ௠൰௦
= − ߪതଵℎ
തଵ − ߪത଴ℎത଴
4ߤ଴(ܭഥ − ߪത௠)ଶ തܳ௣ , ൬
∂ݔ௡
∂ܭ ൰௦ =
ߪതଵℎതଵ − ߪത଴ℎത଴
4ߤ଴(ܭഥ − ߪത௠)ଶ തܳ௣, 
൬∂ݔ௡∂ℎଵ൰௦
= − ߪതଵ4ߤ଴(ܭഥ − ߪത௠) തܳ௣, 
ܽ௫೙,௫ሶ೎ = −ܾߤ଴ ൬
∂ݔ௡
∂ߤ ൰௦
− ܾߤ଴ ቆ
∂ݔ௡
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
, 
ܽ௫೙,ఏሶ ಾమ =
ߤ଴ܾଶܴ′ଶ
2 ൬
∂ݔ௡
∂ߤ ൰௦
+ ߤ଴ܾ
ଶܴ′ଶ
2 ቆ
∂ݔ௡
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
, 
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ܽ௫೙,ఏሶ ಾ = −ܾߤ଴ܴ′ ቈ൬
∂ݔ௡
∂ߤ ൰௦
+ ቆ∂ݔ௡∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
቉, 
ܽ௫೙,ఏሶ ಾ௫ሶ೎ = ߤ଴ܾଶܴ′ ൬
∂ݔ௡
∂ߤ ൰௦
+ ߤ଴ܾଶܴ′ ቆ
∂ݔ௡
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
, 
ܽ௫೙,௫ሶ೎మ =
1
2 ߤ଴ܾ
ଶ ቈ൬∂ݔ௡∂ߤ ൰௦
+ ቆ∂ݔ௡∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
቉, 
ܽ௫೙,௛బ = ൬
∂ݔ௡
∂ℎ଴൰௦
+ ൬∂ݔ௡∂ߙ ൰௦
1
2ටܴ′൫ℎത଴ − ℎത௖൯
௦
+ ൬∂ݔ௡∂ܭ ൰௦ ൬
∂ܭ
∂ℎ଴൰௦
+ ቆ∂ݔ௡∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ℎ଴ ቇ௦
, 
ܽ௫೙,௬೎ = 2 ൬
∂ݔ௡
∂ℎଵ൰௦
− ൬∂ݔ௡∂ߙ ൰௦
1
ටܴᇱ൫ℎത଴ − ℎത௖൯
+ 2 ൬∂ݔ௡∂ܭ ൰௦ ൬
∂ܭ
∂ℎଵ൰௦
+ 2 ቆ∂ݔ௡∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ℎଵ ቇ௦
, 
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